We show how to construct a non-2-colorable k-uniform hypergraph with (2 1+o(1) ) k edges. By the duality of hypergraphs and monotone CNF-formulas this gives an unsatisfiable monotone k-CNF with (2 1+o(1) ) k clauses.
Introduction
We will show the following. 
edges.
The next proposition bounds m(k, l) Proposition 1.2. We have m(k, l) ≤ 2 2l+l 2 · k l · 2 k e k l . In particular, m(k, log k) ≤ (2 1+o(1) ) k .
Hence we obtain a non-2-colorable hypergraph with few edges.
Corollary 1.3. We can constrcut a non-2-colorable hypergraph with (2 1+o(1) ) k edges.
Non-2-colorable hypergraphs connect to unsatisfiable CNF formulas: For a k-uniform hypergraph H let H ′ denote the k-CNF obtained by adding for every edge e = (x 1 , x 2 , . . . , x k ) the clauses C e := (x 1 ∨ x 2 ∨ . . . ∨ x k ) and C ′ e := (x 1 ∨x 2 ∨ . . . ∨x k ). Now H ′ is monotone, i.e., every clause either contains only non-negated literals or only negated literals. Moreover, every 2-coloring c of H yields a satisfying assignment α of H ′ (indeed, just set α(x i ) := 1 if and only if x i is colored blue under c) and vice versa. So Corollary 1.3 yields the following. 
Constructing a Non-2-Colorable Hypergraph with Few Edges
Throughout this section log stands for the binary logarithm. Moreover, a 2-coloring is an ordinary, not necessarily proper, 2-coloring.
Proof of Theorem 1.1:
. . , a i,k ′ be a sequence of length k ′ . Let c be a given 2-coloring. c has a red majority (blue majority) in the sequence A i if under c at least k 2 elements of {a i,1 , a i,2 , . . . , a i,k ′ } are colored red (blue). Note that c has both a red majority and a blue majority in a sequence A i if and only if there are equally many red and blue elements. We say that c has the same majority in the sequences A i 1 , A i 2 , . . . , A i j if either c has a red majority in every sequence in {A i 1 , A i 2 , . . . , A i j } or c has a blue majority in every sequence in
clauses such that every 2-coloring c which has the same majority in X 1 , . . . , X l yields a monochromatic edge in G X 1 ....,X l .
Proposition directly implies Theorem 1.1. Indeed, let G be the hypergraph consisting of the union of all edges in G X 1 ,...,X l for every {X 1 , . . . , X l } ⊆ {A 1 , A 2 , . . . , A 2l−1 } and let c be a 2-coloring of the vertices of G. By the pigeon hole principle, for some X 1 , . . . , X l ⊆ {A 1 , A 2 , . . . , A 2l−1 }, c has the same majority for X 1 , . . . , X l . But then c yields a monochromatic edge in G X 1 ,...,X l and so c is not a proper 2-coloring of G. Since c was chosen arbitrarily G is not properly 2-colorable. Moreover, the number of edges of G is 2l−1 l times the number of edges in G X 1 ,...,X l , which gives the required number of edges in total.
Proof of Proposition 2.1: Let X j = x j,1 , x j,2 , . . . , x j,k ′ for every j, j = 1, . . . , l. We will now shift sequences by a certain number of elements. For every i ∈ {0, . . . , k ′ − 1} we let X j (i) = x j,1+i , x j,2+i , . . . , x j,k ′ , x j,1 , . . . , x j,i . For every i 1 , i 2 , . . . , i l ∈ {0, . . . , k ′ −1} and for every S ⊆ {1, 2, . . . , k ′ } with |S| = k l we let e i 1 ,i 2 ,...,i l (S) denote the set of elements which are of the form x j,r+i j with r ∈ S. For every i 1 , i 2 , . . . , i l ∈ {0, . . . , k ′ −1} we consider the hypergraph
..,X l be the hypergraph consisting of the union of all edges in G i 1 ,i 2 ,...,i l for every i 1 , i 2 , . . . , i l ∈ {0, . . . , k ′ −1}.
edges, as claimed. It remains to show that every 2-coloring c which has the same majority in X 1 , . . . , X l yields a monochromatic edge.
Proposition 2.2. Let s ∈ {red, blue} and let c be a 2-coloring which has an s-majority in X i for every i, i = 1, . . . , l. Then there are i 1 , i 2 , . . . , i l such that for k l distinct r, x 1,r+i 1 , x 2,r+i 2 , . . . , x l,r+i l all have color s under c.
Proof: Choose i 1 , i 2 , . . . , i l uniformly at random from {0, 1, . . . , k ′ − 1}. For every r we let Y r be the indicator variable for the event that x 1,r+i 1 , x 2,r+i 2 , . . . , x l,r+i l all have color s under c. We 
By (1),
Since k log k = 2 log 2 k we get m(k, log k) ≤ (2 1+o(1) ) k .
